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relevance of selection/regularisation

linear regression model

Y = Boo+ XiPo1 + Xofoo + -+ X,Bop + €

o increase prediction accuracy (decrease prediction
error) by selecting a subset of predictors

o increase model interpretability by selecting only
relevant’ (correlated to Y) predictors
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Gaussian graphical models
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Gaussian graphical models

K="=
1 1/2 172 1/2]

@ »®
®

o let K = X! then the neighborhood of X; is
ne(l) ={i e V\{1}: K;; # 0} = {2, 3, 4}

1/2 1 0 0
1/2 0 | 0
/2 0 0 1

o but the regression coefficient is 513 = — K5/ Ky
[Lauritzen, 1996, chap. 5], and so

ne(l) = {i € V\{1}: B # 0} = {2, 3,4}

/49



0 stepwise procedures
@ Consequences for model evaluation
@ problem

e regularization
@ lasso variants

e desparsified lasso
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subset selection

Y =Boo+ XiBo1 + Xofop + -+ X,Pop + €
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subset selection

Y =Boo+ XiBo1 + Xofop + -+ X,Pop + €

o best subset selection: for each number of
predictors k, test (’,z) models, select the best from
all

o forward selection: start with no predictors, add the
best predictor one at a time

o backward selection: start with all predictors,
remove the worst predictor one at a time
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subset selection

Y = Boo + XiBo1 + Xofoo + -+ XpBop + €
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subset selection

Y = Boo+ X1B01 + XoBoz + -+ XpBop t €

o best subset selection: complexity is 27, e.g., 20
predictors gives 1.048.576 models
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subset selection

Y = Boo + XiBo1 + Xofoo + -+ XpBop + €

o best subset selection: complexity is 27, e.g., 20
predictors gives 1.048.576 models

forward selection: complexity is p(p + 1)/2 + 1,
e.g., 20 predictors gives 211 models

backward selection: complexity is p(p + 1)/2 + 1

no guarantees that the true model is selected
(asymptotically)
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What is model misspecification?

A quantitative model is an expression of (a set) of hypotheses
about the data generating process (DGP) such that the expression
can be evaluated numerically.
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Example The normal distribution with mean u(x) and variance o
1
fO 1 x,0) = Q2ro?) " exp [—E(y - #(X))Z/GZ] e=y—pux)

Here u(x) indicates that y and x are related; 6 = (u, 0%), and o is
assumed known.
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What is model misspecification?

A quantitative model is an expression of (a set) of hypotheses
about the data generating process (DGP) such that the expression
can be evaluated numerically.

Example The normal distribution with mean u(x) and variance o
1
fO 1 x,0) = Q2ro?) " exp [—E(y - ﬂ(X))Z/GZ] e=y—pux)

Here u(x) indicates that y and x are related; 6 = (u, 0%), and o is
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What is model misspecification?

Model misspecification is the misrepresentation of the
distribution of the data generating process (DGP), i.e., the true
DGP (distribution) is not achievable in the model specification.
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What is model misspecification?
Model misspecification is the misrepresentation of the
distribution of the data generating process (DGP), i.e., the true
DGP (distribution) is not achievable in the model specification.

Example The normal distribution with mean u(x) = a exp(—fx) is
modeled by the linear model u(x) = a + Bx.
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What is model misspecification?

A model is correctly specified if the correct distribution, the DGP,
does belong to the set of possible distributions, i.e., gy € F.
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ﬂponZ(x) =a+pix +ﬁ2x2
Hpoly3(X) = @ + Bix + ox’ + f3x°

10 20 30

0

Hpoly2(X) = Hpoly3
for all x when 83 =0
model is correctly specified
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Consequences for model evaluation

models

Miin(X) = a + Bx
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Consequences for model evaluation

models

Miin(X) = a + Bx ,uexp(x) = aexp(—-Bx)
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Consequences for model evaluation

models
Win(X) = @ + Bx Hexp(X) = @ exp(—Bx)
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Consequences for model evaluation

models
/’l”n(-x) = +B.x ,Uexp(x) = a/exp(_ﬂx)
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Consequences for model evaluation

models

Hpoly2(x) = a + B1x +182x2 Hpoly3(X) = a + B1x +ﬁ2x2 +,83x3

y

Miin(X) = a + Bx

©

0 5 10 15 20 25 30

:uexp(x) = a exp(—fx)

y

o
3 4

100

50
L

I
o

-100 -50 0 50 100 150

11/49



Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is possible (correct model specification)?
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Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is possible (correct model specification)?

Example Suppose this was our data set. What model would be
best to use? How to evaluate this?
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Consequences for model evaluation

models

Miin(X) = a + Bx
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Consequences for model evaluation

models
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Consequences for model evaluation

models
Miin(X) = a + Bx Hexp(X) = a exp(—fx)
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Consequences for model evaluation

models

Min(x) = a + Bx
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Consequences for model evaluation

models

100

50

,uexp(x) = a exp(—fx)

Hpoly3(X) = a + B1x +ﬁ2x2 +,83x3

13/49




Consequences for model evaluation

models

100

50

,uexp(x) = a exp(—fx)

13/49




Consequences for model evaluation

models
Hiin(x) ,Uexp(x) llpoly2(x) ,upoly3(x)
g $ g ¥

@@ E §6 @@ 8 <

7 @qgé;f T8 S B 7 %qgfg? T8 S
model In£@®) length(6) AlC AAIC
lin -442.674 2 891.348 154.384
exp -364.482 3 736.964 0.000
poly2 —385.821 3 779.641 42.677
poly3 —365.736 4 741.471 4.507

AAIC = AIC(j) — AIC(min)
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models
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Consequences for model evaluation

models

Hiin(x) ,Uexp(x) llpoly2(x) ,upoly3(x)
g $ g $

;9 g §6 @@ g )

i @qgé;f T8 %qgfg? T8 o’
model In €@ length(6) AIC order BIC

lin —442.674 2 891.348 4 899.163
exp -364.482 3 736.964 1 747.385
poly2  —385.821 3 779.641 3 790.062
poly3 —365.736 4 741.471 2 754.497

True model: pegp(x) = B1 + B2 exp(B3x)
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Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is possible (correct model specification)?
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Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is possible (correct model specification)?

Example Suppose this was our data set. What model would be
best to use? How to evaluate this?
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Consequences for model evaluation

models

Miin(X) = a + Bx
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Consequences for model evaluation
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Consequences for model evaluation
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Miin(X) = a + Bx ,uexp(x) = aexp(—-Bx)

o _| o o
g Lo o g
°
8 %, 2° 8
o © @03%0
o _| o o
& ° o &
> ® O Ce>°, o o >
o | & oo o 8 o
- °© 00000%3%09 -
of§o°o ©00%8 © o
00 o
o | B¥L° °, °
T e <
L B T L — L —
0 1 2 3 4 5 0 1 2 3 4 5
X X

17/49




Consequences for model evaluation

models
Min(X) = & + Bx Hexp(X) = @ exp(—f3x)
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Consequences for model evaluation
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Consequences for model evaluation

models
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Consequences for model evaluation

-0 0 10 20 30 40

models
Hiin(x) ,Uexp(x) llpoly2(x) ,upoly3(x)
model In£@®) length(6) AIC BIC
lin -373.016 2 752.031 759.847
exp -368.576 745.152 755.572

poly2
poly3

-367.899
-367.762

745.525

758.551
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Consequences for model evaluation

models
Hiin(x) ,Uexp(x) llpoly2(x) ,upoly3(x)
Slscacen. - S PECEI .
- Jog SoshetRs® - - log SasiistRe® .
2 %%’é(‘;o ®o 2 2 %%’Qg(‘;oo %o 2
model In£@®) length(6) AIC BIC
lin -373.016 2 752.031 759.847

exp  —368.576 3 745152 755.572
poly2  —367.899 3
4

poly3 —-367.762 745.525 758.551

True model: ppoiy2(X) = Bi + Bax + Bax?
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Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is possible (correct model specification)?
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Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is possible (correct model specification)?

Example Suppose this was our data set. What model would be
best to use? How to evaluate this?
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Consequences for model evaluation

models

Miin(X) = a + Bx
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Consequences for model evaluation
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Consequences for model evaluation
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Consequences for model evaluation
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Consequences for model evaluation
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Miin(X) = a + Bx
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Consequences for model evaluation

models

20 10 0 10 20

Hiin(X)

o, 3
] ,,,?%;0 ®e 002500

° °
J®@g°®000 5, O
o °

B
o 4 0%
o 0g 0°
©0 o " @o
°
° 5
® o o B 0
© ®
@ %, ©°
o ®% oy

T T T T T
o 1 2 3 4 5

,uexp(x)

S
8 )
00 % o
Ea
o 0n 08 20 2
e o %
% 89, °—
2 Lo g o oo
A )
OQ)%O
2 {500 00
o oo
8 )
—
[ 1 2 3

20 10 0 10 20

ﬂponZ(x)

5
° 09
©° o o%dvoo

% ©0 o " ®o

o, 0 o
,,,?%000(9{50@900% 2%
o o )

< ° ®
o ®% N o
H@g°®000°q, ©
o o
T T T
o 1 2 3 4 5

Mpoly3 (x)

. S
8 o & 0%
o 0g ©°
o % ©°0 o ®o
29 o0 &0
Blong o B
o - e _oc o o
o Ld
o o
S
R T
0 1 2 3 4 5

model

In £(0)

length(6)

AIC

BIC

lin
exp

poly2
poly3

—-370.541
—-370.353
—-370.143
—-368.256

B~ W W

747.082
748.707
748.287
746.511

759.127
758.707
759.537

21/49



Consequences for model evaluation

models

20 10 0 10 20

Hiin(X)

o, 3
] ,,,?%;0 ®e 002500

° °
J®@g°®000 5, O
o °

B
o 4 0%
o 0g 0°
©0 o " @o
°
° 5
® o o B 0
© ®
@ %, ©°
o ®% oy

T T T T T
o 1 2 3 4 5

,uexp(x)

20 10 ] 10 20
L]
¥
Y lo &4
o e
\ .
o @7@%
B
&

20 10 0 10 20

ﬂponZ(x)

5
° 09
©° o o(bdpoo

% ©0 o " ®o

o, 0 o
,,,?%000(9{50@900% 2%
o o )

< ° ®
o ®% N o
H@g°®000°q, ©
o o
T T T
o 1 2 3 4 5

Mpoly3 (x)

. S
8 o & 0%
o 0g ©°
o % ©°0 o ®o
29 o0 &0
Blong o B
o - e _oc o o
o Ld
o o
S
R T
0 1 2 3 4 5

model

In £(0)

length(6)

AIC

BIC

lin
exp

poly2
poly3

—-370.541
—-370.353
—-370.143
—-368.256

B~ W W

747.082
748.707
748.287
746.511

759.127
758.707
759.537

True model: win(x) = B1 + Box
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Consequences for model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is not possible (model misspecification)?

Example Suppose this was our data set. What model would be
best to use? How to evaluate this?
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Consequences for model evaluation

models
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2 ° 8% . (‘Z’;oo °<¢>°
~ o o ‘“‘W @9@ g

o
Oo

o

T T T T
4 2 0 2 4

ﬂponZ(x) =a ‘;'ﬁlx +,32X2

23/49




Consequences for model evaluation

models
Miin(X) = a + Bx Hexp(X) = a exp(—fx)
e 0‘5" ?° dpo
> ©° *‘ébgcb 00 Q;,p ?'% Gé) '
A o

ﬂponZ(x) =a ‘;'ﬁlx +,32X2

5]

o Q0
- o %O o S

°
00 © 9 S & SPL

-~ o 7@9 °W§ré%f§?fma

23/49




Consequences for model evaluation

models

Hpoly2 (x)
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Consequences for model evaluation

models
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Consequences for model evaluation

models
Hiin(X) ,Uexp(x) ,Upoly2(x) ,Upolys(x)
model In €@ length(6) AIC order BIC
lin -309.772 2
exp - - - -
poly2  —309.552 3 627.104 674.366
poly3 —309.100 4 628.201 710.304
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Consequences for model evaluation

models
Hiin(X) ,Uexp(x) ,Upoly2(x) ,Upolys(x)
model In €@ length(6) AIC order BIC
lin -309.772 2
exp - - - -
poly2  —309.552 3 627.104 674.366
poly3 —309.100 4 628.201 710.304

True model: pgine(x) = Bi + 2 sin(x)
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Consequences on model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is not possible (model misspecification)?

Misspecified models and AIC and BIC (Sin & White, 1996)
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Consequences on model evaluation

Which model selection criterion should | use when | know that the
true model (DGP) is not possible (model misspecification)?

Misspecified models and AIC and BIC (Sin & White, 1996)

o If there is one model that is closest to the truth (i.e. for only
on f does it hold that KL(g | f) = small), then the AIC and
BIC will pick this up (with population knowledge).
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Consequences on model evaluation
Which model selection criterion should | use when | know that the
true model (DGP) is not possible (model misspecification)?

Misspecified models and AIC and BIC (Sin & White, 1996)

o If there is one model that is closest to the truth (i.e. for only
on f does it hold that KL(g | f) = small), then the AIC and
BIC will pick this up (with population knowledge).

o If there are several equivalent models
(KL(g | f1) = KL(g | f2) = small), then the AIC will not pick this
up but the BIC will (with population knowledge).
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problem when p > n

Y = Boo+ Xi1Po1 + Xofor+ -+ XpBo, +€=XBo + &
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problem when p > n

Y = Boo+ Xi1Po1 + Xofor+ -+ XpBo, +€=XBo + &

problem when p > n

Y=X(By+u +e 7/\1

o design matrix X is not of full rank
o where u is in the null-space of X, i.e.

null(X) = {u € R? : Xu = 0}
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solution when p > n
penalized LS

Lg,= (Y = XB)' (Y — XB) + AW(B)
LS fit penalty
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solution when p > n
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LS fit
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solution when p > n
penalized LS

Lpi= (Y - XB)'(Y — XB) + W(B)

LS fit penalty

types of penalization

ridge ¢, lasso ¢ {o

1/ Yie1B Xiei Bl P
bias all g; small g; all g
treats fs unequally equally equally
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solution when p > n

W

%

‘ B4

types of penalization

‘ By

lasso ¢; {o

ridge ¢,
4 ic1 B
bias all g;

treats Bs unequally

2i-11Bil P
smallg; all g;
equally equally
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adaptive lasso

Lya= (Y = XP)'(Y - XB) ”Z

LS fit I,B'”'tl
penalty

where " is an initial estimate (prediction, with CV ).

[Zou, 2006]
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penalty

where " is an initial estimate (prediction, with CV ).

properties of adaptive Iasso
o when gt = 0 then ,Bad

[Zou, 2006]
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adaptive lasso

Lya= (Y = XP)'(Y - XB) ”Z

LS fit I,B'”'tl
penalty

where " is an initial estimate (prediction, with CV ).

properties of adaptive Iasso
o when gt = 0 then ,Bad

o when ,B'l.“" is Iarge,,Bj.IOI has small penalty, resulting
in less bias

[Zou, 2006]
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thresholded lasso

Lg,= (Y - XB)' (Y - XB) + W(B)

LS fit penalty

and select for some constant ¢ > 0

le{Bj > C}

[Blhimann and van der Geer, 2011]
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thresholded lasso

Lg,= (Y - XB)' (Y - XB) + W(B)

LS fit penalty

and select for some constant ¢ > 0
BB, > c)

properties of thresholded lasso
o screening property Sy € S

o more 'accurate’ than adaptive lasso (smaller
predictive and estimation error)

[Blhimann and van der Geer, 2011]
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scaled lasso
iterate as long as Ly, < Ly
Lg,= (Y = XB)' (Y — XB) + W(B)

LS fit penalty
B =B(61) and 6 = LS'?/n

[Sun and Zhang, 2012]
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scaled lasso

iterate as long as Ly < La,

Lg,= (Y - XB)' (Y - XB) + W(B)

LS fit penalty
B =pB(6A) and 6 = LS?/n

properties of scaled lasso
o screening property Sy € S

o selects automatically a value for A depending on
the noise level &

[Sun and Zhang, 2012]
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glasso

obtain inverse covariance matrix K = X! from

Ly, = log|K| —trSK — A Z IK; ]

i<j

where S is sample covariance

[Friedman et al., 2008]
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glasso
obtain inverse covariance matrix K = X! from
Lﬁ,/l = IOg K| —trS K — /lz |K,J|
i<j
where S is sample covariance
properties of glasso
o screening property Sy C S

o more restrictive than MB approach
o more accurate that MB apraoch (slightly)

[Friedman et al., 2008]
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dependent measures of effect

correct rejections/true edges (irue positive rate)
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dependent measures of effect

correct rejections/true edges (irue positive rate)

correct rejections/rejections (positive predictive value)

|E N Ey
E|

precision :=
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true graph MB lasso

precision recall rejection rate \ density

0.26 0.98 0.077 ‘ 0.010

o often with lasso S C S(ﬁL) when penalty is 'small’
[see Bihlmann & van de Geer, 2011]

24/49



BA graph

EXEN @
R SN

true graph

25/49



BA graph
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BA graph

MB lasso

true graph

recall rejection rate | density

precision

0.99 | 0.0625

1.00

0.032

25/49



points of view

26/49



points of view

o prediction squared prediction loss (est — truth)?

E[(B — o) X ewXnew(B — Bo) | X]

26/49



points of view

o prediction squared prediction loss (est — truth)?

E[(B — o) X ewXnew(B — Bo) | X]

o variable screening estimated variables in
S ={j:Bj#0}wrttrue Sy ={j: Bo; # 0}

P[S,CS]— 1

26/49



points of view

o prediction squared prediction loss (est — truth)?

E[(B — o) X ewXnew(B — Bo) | X]

o variable screening estimated variables in
S ={j:Bj#0}wrttrue Sy ={j: Bo; # 0}

P[S,CS]— 1

allow for false positives, no false negatives

26/49



points of view

o prediction squared prediction loss (est — truth)?

E[(B — o) X ewXnew(B — Bo) | X]

o variable screening estimated variables in
S ={j:Bj#0}wrttrue Sy ={j: Bo; # 0}

P[S,CS]— 1

allow for false positives, no false negatives
o variable selection

P[So=S5]—>1
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variables S
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assumptions lasso

assumptions for variable selection
(a) sparsity number sy = |[{j : Bo; # 0}| cannot be large

It/ : Boj # O}] < Tog(7)

(b) consistency tuning A, no collinearity in true set of
variables S

(c) beta-min the signal (edge weights) cannot be too
small

min |By;| > ¢
ieE |ﬁ0]|

27/49



today

a stepwise procedures
@ Consequences for model evaluation
@ problem

@ regularization
@ lasso variants

Q desparsified lasso

28/49



desparsified lasso

the lasso estimate j3; is obtained by minimizing

Lya= (Y =Xp)(Y - XB) + 1 ) |Bi
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desparsified lasso

the lasso estimate j3; is obtained by minimizing

Lya= (Y =Xp)(Y - XB) + 1 ) |Bi

Properties lasso estimate /3.

E(BL) = Bo — bias
bias = OXT(Y — XB.)/n

209/49



Gaussian graphical models

ﬂ
°r® @i/@

©

desparsified (debiased) lasso

Ba= B +OX'(Y-XBp)/n
NEA

normal lasso debias part

[van der Geer et al., 2013, Javanmard & Montanari, 2013]
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desparsified lasso
® is a relaxed’ inverse of XTX/n, such that

Bar= Br  +OXT(Y-XBp)/n+A
N——

normal lasso debias part

[van de Geer et al., 2013, Javanmard & Montanari, 2013]
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o has standard, computable variance
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desparsified lasso
® is a relaxed’ inverse of XTX/n, such that

Ba= B +OXT(Y - XB)/n+A
N——
normal lasso debias part

A= VnOX'X/n) - DBL-p) (small)

desparsified lasso
o is asymptotically unbiased
o has standard, computable variance
o is amenable to standard analysis

[van de Geer et al., 2013, Javanmard & Montanari, 2013]
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nodewise desparsified lasso

1.0

coefficient
0.0

-1.0

parameter index

tuning parameter A too high, estimated by 10-fold cv

estimate true value

[ o
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simulations

o generate data from different networks ER or BA
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dependent measures of effect
correct rejections/true edges (true positive rate)
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dependent measures of effect
correct rejections/true edges (true positive rate)

correct rejections/rejections (positive predictive value)
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dependent measures of effect
correct rejections/true edges (true positive rate)

correct rejections/rejections (positive predictive value)

» ENE
precision ::| _ o

|E|

probability of Cl containing true parameter vy;;

1
=— g P[Byi; € Cl;;
coverage VIVI=D) [Boij € Cljj]
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recall and precision for sparse graphs
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recall and precision for sparse graphs
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conclusions variable screening
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dL(MB) other
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coverage for sparse graphs

ER
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coverage for sparse graphs
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coverage for sparse graphs
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o coverage is close to nominal level (95%)
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conclusions variable selection CI
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