inference in large-scale networks

31 18 .'_" al )

Lourens Waldorp

: Unive_rgty of Amsterdam




graphical models and networks

®  © O

e o8

neighborhood ne(i) = {j € V\{i} : (i, j) € E}

2/38



graphical models and networks

®  © O

e o8

neighborhood ne(i) = {j € V\{i} : (i, j) € E}

ne(l) =
ne2) =
ne(3) =
ne4) =

{2,3,4}
{n
{1
{n

2/38



graphical models and networks

®  © O

e o8

neighborhood ne(i) = {j € V\{i} : (i, j) € E}

ne(l) =1{2,3,4} ne(l) ={2,3,4}
ne(2) = {1} ne(2) ={1,3,4}
ne3) = {1} ne3) ={1,2,4}
ne4) = {1} ne4) ={1,2,3}

2/38



graphical models and networks

@}K@ }K@

© o8

P(1,2)P(1, 3)P(1,4) P(1,2,3,4)
description in terms of cliques

/38



graphical models and networks
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conditional independencies of graph
Xo L X3 ] X,

Xo 1L X4 | X,
X3 1L Xy | X,
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Gaussian graphical models
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o let K = X! then the neighborhood of X; is
ne(l) ={i e V\{1}: K;; # 0} = {2, 3, 4}

1/2 1 0 0
1/2 0 | 0
/2 0 0 1

o but the regression coefficient is 513 = — K5/ Ky
[Lauritzen, 1996, chap. 5], and so

ne(l) = {i € V\{1}: B # 0} = {2, 3,4}
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nodewise estimation n > p
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o estimate regression coefficients 3;; with LS
L= |lY = XBll; = (Y = XB)'(Y - XB)

o do this for each node separately and combine
coefficients (and or or)
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algorithm Meinshausen-Buhimann

Algorithm 1 network I with MB lasso
1: fori e Vdo

22 splitdataZinY =Z7;and X = Zy,;

3: obtainlassof; forY = XB+ ¢

4 let#7 = ||Y — XBll5 + AllB.ll; and
Vi = =B/t fori # j
Y= 1/%7 fori=j

. end for
output I' (perhaps using and or or rule)

@D O

9/38



relevance of selection/regularisation

linear regression model

Y = Boo+ XiPo1 + Xofoo + -+ X,Bop + €

o increase prediction accuracy (decrease prediction
error) by selecting a subset of predictors

o increase model interpretability by selecting only
relevant’ (correlated to Y) predictors
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@ Gaussian graphical models

Q stepwise procedures
@ problem

Q regularization
@ lasso variants

e desparsified lasso
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Y =Boo+ XiBo1 + Xofop + -+ X,Pop + €

o best subset selection: for each number of
predictors k, test (’,z) models, select the best from
all

o forward selection: start with no predictors, add the
best predictor one at a time

o backward selection: start with all predictors,
remove the worst predictor one at a time

12/38



subset selection

Y = Boo + XiBo1 + Xofoo + -+ XpBop + €

13/38



subset selection

Y = Boo+ X1B01 + XoBoz + -+ XpBop t €

o best subset selection: complexity is 27, e.g., 20
predictors gives 1.048.576 models

13/38



subset selection

Y = Boo+ X1B01 + XoBoz + -+ XpBop t €

o best subset selection: complexity is 27, e.g., 20
predictors gives 1.048.576 models

o forward selection: complexity is p(p + 1)/2 + 1,
e.g., 20 predictors gives 211 models

13/38



subset selection

Y = Boo+ X1B01 + XoBoz + -+ XpBop t €

o best subset selection: complexity is 27, e.g., 20
predictors gives 1.048.576 models

o forward selection: complexity is p(p + 1)/2 + 1,
e.g., 20 predictors gives 211 models

o backward selection: complexity is p(p + 1)/2 + 1

13/38



subset selection

Y = Boo + XiBo1 + Xofoo + -+ XpBop + €

o best subset selection: complexity is 27, e.g., 20
predictors gives 1.048.576 models

forward selection: complexity is p(p + 1)/2 + 1,
e.g., 20 predictors gives 211 models

backward selection: complexity is p(p + 1)/2 + 1

no guarantees that the true model is selected
(asymptotically)

o}

o

o
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solution when p > n

(
types of penalization

ridge ¢, lasso ¢; {o

1/ Yie1B Yie1lBil P
bias all g; small g; all g
treats fs unequally equally equally
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adaptive lasso
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LS fit I,B'”'tl
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adaptive lasso

Lya= (Y = XP)'(Y - XB) ”Z

LS fit I,B'”'tl
penalty

where " is an initial estimate (prediction, with CV ).

properties of adaptive Iasso
o when gt = 0 then ,Bad

o when ,B'l.“" is Iarge,,Bj.IOI has small penalty, resulting
in less bias

[Zou, 2006]
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thresholded lasso

Lg,= (Y - XB)' (Y - XB) + W(B)

LS fit penalty

and select for some constant ¢ > 0

le{Bj > C}

[Blhimann and van der Geer, 2011]
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thresholded lasso

Lg,= (Y - XB)' (Y - XB) + W(B)

LS fit penalty

and select for some constant ¢ > 0
BB, > c)

properties of thresholded lasso
o screening property Sy € S

o more 'accurate’ than adaptive lasso (smaller
predictive and estimation error)

[Blhimann and van der Geer, 2011]
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scaled lasso
iterate as long as Ly, < Ly
Lg,= (Y = XB)' (Y — XB) + W(B)

LS fit penalty
B =B(61) and 6 = LS'?/n

[Sun and Zhang, 2012]
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scaled lasso

iterate as long as Ly < La,

Lg,= (Y - XB)' (Y - XB) + W(B)

LS fit penalty
B =pB(6A) and 6 = LS?/n

properties of scaled lasso
o screening property Sy € S

o selects automatically a value for A depending on
the noise level &

[Sun and Zhang, 2012]
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glasso

obtain inverse covariance matrix K = X! from

Ly, = log|K| —trSK — A Z IK; ]

i<j

where S is sample covariance

[Friedman et al., 2008]
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glasso
obtain inverse covariance matrix K = X! from
Lﬁ,/l = IOg K| —trS K — /lz |K,J|
i<j
where S is sample covariance
properties of glasso
o screening property Sy C S

o more restrictive than MB approach
o more accurate that MB apraoch (slightly)

[Friedman et al., 2008]
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dependent measures of effect

correct rejections/true edges (irue positive rate)

correct rejections/rejections (positive predictive value)

|E N Ey
E|

precision :=
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true graph MB lasso

precision recall rejection rate \ density

0.26 0.98 0.077 ‘ 0.010

o often with lasso S C S(ﬁL) when penalty is 'small’
[see Bihlmann & van de Geer, 2011]
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BA graph

MB lasso

true graph

recall rejection rate | density

precision

0.99 | 0.0625

1.00

0.032
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points of view

o prediction squared prediction loss (est — truth)?

E[(B — o) X ewXnew(B — Bo) | X]

o variable screening estimated variables in
S ={j:Bj#0}wrttrue Sy ={j: Bo; # 0}

P[S,CS]— 1

allow for false positives, no false negatives
o variable selection

P[So=S5]—>1
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assumptions lasso

assumptions for variable selection
(a) sparsity number sy = |[{j : Bo; # 0}| cannot be large

It/ : Boj # O}] < Tog(7)

(b) consistency tuning A, no collinearity in true set of
variables S

(c) beta-min the signal (edge weights) cannot be too
small

min |By;| > ¢
ieE |ﬁ0]|
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today

@ Gaussian graphical models

0 stepwise procedures
@ problem

e regularization
@ lasso variants

e desparsified lasso
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desparsified lasso

the lasso estimate j3; is obtained by minimizing

Lya= (Y =Xp)(Y - XB) + 1 ) |Bi
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desparsified lasso

the lasso estimate j3; is obtained by minimizing

Lya= (Y =Xp)(Y - XB) + 1 ) |Bi

Properties lasso estimate /3.

E(BL) = Bo — bias
bias = OXT(Y — XB.)/n
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Gaussian graphical models
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desparsified (debiased) lasso

Ba= B +OX'(Y-XBp)/n
NEA

normal lasso debias part

[van der Geer et al., 2013, Javanmard & Montanari, 2013]
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desparsified lasso
® is a relaxed’ inverse of XTX/n, such that

Ba= B +OXT(Y - XB)/n-A
N——
normal lasso debias part

A= VnOX'X/n) - DBL-p) (small)

desparsified lasso
o is asymptotically unbiased
o has standard, computable variance
o is amenable to standard analysis

[van de Geer et al., 2013, Javanmard & Montanari, 2013]
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nodewise desparsified lasso

coefficient

1.0

0.0

-1.0

parameter index

tuning parameter A estimated by 10-fold cv

estimate true value

[ o
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simulations

o generate data from different networks ER or BA
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ppavas SN




dependent measures of effect




dependent measures of effect
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dependent measures of effect
correct rejections/true edges (true positive rate)

correct rejections/rejections (positive predictive value)

» ENE
precision ::| _ o

|E|

probability of Cl containing true parameter vy;;

1
=— g P[Byi; € Cl;;
coverage VIVI=D) [Boij € Cljj]

i#jev
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recall and precision for sparse graphs

ER
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recall and precision for sparse graphs
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conclusions variable screening

ER
dL(MB) other
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dL(MB)
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o
o
°
o
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coverage for sparse graphs

ER BA
T e—g———g=——"3 P it e ——8
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0.01 0.025 0.125 1.25 0.01  0.025 0.125 1.25
n/(p(p-1)) n/(p(p-1))
— MB - SL —dL

o coverage is close to nominal level (95%)
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conclusions variable selection CI

ER BA
dL(MB) dL(GL) dL(MB) dL(GL)
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