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graphical models and networks
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Gaussian graphical models
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combine neighborhoods

◦ and node X3 is in ne(1) if β13 , 0 and β31 , 0
◦ or node X3 is in ne(1) if β13 , 0 or β31 , 0
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◦ let K = Σ−1 then the neighborhood of X1 is

ne(1) = {i ∈ V\{1} : K1i , 0} = {2, 3, 4}

◦ but the regression coefficient is β13 = −K13/K11
[Lauritzen, 1996, chap. 5], and so

ne(1) = {i ∈ V\{1} : β1i , 0} = {2, 3, 4}
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nodewise estimation n > p
1

2

3

4β13

◦ estimate regression coefficients βi j with LS

Lβ := ||Y − Xβ||22 = (Y − Xβ)′(Y − Xβ)

◦ do this for each node separately and combine
coefficients (and or or)
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algorithm Meinshausen-Bühlmann

Algorithm 1 network Γ̂ with MB lasso
1: for i ∈ V do
2: split data Z in Y = Zi and X = ZV\i
3: obtain lasso β̂L for Y = Xβ + ε
4: let τ̂2

i = ||Y − Xβ̂L||
2
2 + λ||β̂L||1 and

γ̂i j = −β̂L j/τ̂
2
i for i , j

γ̂i j = 1/τ̂2
i for i = j

5: end for
6: output Γ̂ (perhaps using and or or rule)
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relevance of selection/regularisation

linear regression model

Y = β0,0 + X1β0,1 + X2β0,2 + · · · + Xpβ0,p + ε

◦ increase prediction accuracy (decrease prediction
error) by selecting a subset of predictors

◦ increase model interpretability by selecting only
’relevant’ (correlated to Y) predictors
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Gaussian graphical models

1 stepwise procedures
problem

2 regularization
lasso variants

3 desparsified lasso
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subset selection

Y = β0,0 + X1β0,1 + X2β0,2 + · · · + Xpβ0,p + ε

◦ best subset selection: for each number of
predictors k, test

(
p
k

)
models, select the best from

all
◦ forward selection: start with no predictors, add the

best predictor one at a time
◦ backward selection: start with all predictors,

remove the worst predictor one at a time
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subset selection

Y = β0,0 + X1β0,1 + X2β0,2 + · · · + Xpβ0,p + ε

◦ best subset selection: complexity is 2p, e.g., 20
predictors gives 1.048.576 models

◦ forward selection: complexity is p(p + 1)/2 + 1,
e.g., 20 predictors gives 211 models

◦ backward selection: complexity is p(p + 1)/2 + 1
◦ no guarantees that the true model is selected

(asymptotically)
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problem when p > n

Y = β0,0 + X1β0,1 + X2β0,2 + · · · + Xpβ0,p + ε = Xβ0 + ε

problem when p > n

Y = X(β0 + u) + ε

◦ design matrix X is not of full rank
◦ where u is in the null-space of X, i.e.

null(X) = {u ∈ Rp : Xu = 0}
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solution when p > n
penalized LS

Lβ,λ = (Y − Xβ)T(Y − Xβ)
LS fit

+ λψ(β)
penalty

types of penalization

ridge `2 lasso `1 `0

ψ

∑
i=1 β

2
i

∑
i=1 |βi| p

bias

all βi small βi all βi

treats βs

unequally equally equally
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solution when p > n222 6. Linear Model Selection and Regularization

β2 β2

β1β1

β β^^

FIGURE 6.7. Contours of the error and constraint functions for the lasso
(left) and ridge regression (right). The solid blue areas are the constraint re-
gions, |β1| + |β2| ≤ s and β2

1 + β2
2 ≤ s, while the red ellipses are the contours of

the RSS.

circle represent the lasso and ridge regression constraints in (6.8) and (6.9),
respectively. If s is sufficiently large, then the constraint regions will con-
tain β̂, and so the ridge regression and lasso estimates will be the same as
the least squares estimates. (Such a large value of s corresponds to λ = 0
in (6.5) and (6.7).) However, in Figure 6.7 the least squares estimates lie
outside of the diamond and the circle, and so the least squares estimates
are not the same as the lasso and ridge regression estimates.

The ellipses that are centered around β̂ represent regions of constant
RSS. In other words, all of the points on a given ellipse share a common
value of the RSS. As the ellipses expand away from the least squares co-
efficient estimates, the RSS increases. Equations (6.8) and (6.9) indicate
that the lasso and ridge regression coefficient estimates are given by the
first point at which an ellipse contacts the constraint region. Since ridge
regression has a circular constraint with no sharp points, this intersection
will not generally occur on an axis, and so the ridge regression coefficient
estimates will be exclusively non-zero. However, the lasso constraint has
corners at each of the axes, and so the ellipse will often intersect the con-
straint region at an axis. When this occurs, one of the coefficients will equal
zero. In higher dimensions, many of the coefficient estimates may equal zero
simultaneously. In Figure 6.7, the intersection occurs at β1 = 0, and so the
resulting model will only include β2.

In Figure 6.7, we considered the simple case of p = 2. When p = 3,
then the constraint region for ridge regression becomes a sphere, and the
constraint region for the lasso becomes a polyhedron. When p > 3, the

types of penalization
ridge `2 lasso `1 `0

ψ
∑

i=1 β
2
i

∑
i=1 |βi| p

bias all βi small βi all βi
treats βs unequally equally equally
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adaptive lasso

Lβ,λ = (Y − Xβ)T(Y − Xβ)
LS fit

+ λ
∑

i

|βi|

|β̂init
i |

penalty

where βinit
j is an initial estimate (prediction, with CV λ).

properties of adaptive lasso

◦ when β̂init
i = 0 then β̂ad

j = 0

◦ when β̂init
i is large, β̂ad

j has small penalty, resulting
in less bias

[Zou, 2006]
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thresholded lasso

Lβ,λ = (Y − Xβ)T(Y − Xβ)
LS fit

+ λψ(β)
penalty

and select for some constant c > 0

β̂ j1{β̂ j > c}

properties of thresholded lasso

◦ screening property S 0 ⊆ Ŝ
◦ more ’accurate’ than adaptive lasso (smaller

predictive and estimation error)

[Bühlmann and van der Geer, 2011]
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scaled lasso
iterate as long as Lβ̂(σ̂λ0) ≤ Lβ̂,λ

Lβ,λ = (Y − Xβ)T(Y − Xβ)
LS fit

+ λψ(β)
penalty

β̂ = β̂(σ̂λ0) and σ̂ = LS1/2/n

properties of scaled lasso

◦ screening property S 0 ⊆ Ŝ
◦ selects automatically a value for λ depending on

the noise level σ̂

[Sun and Zhang, 2012]
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glasso
obtain inverse covariance matrix K = Σ−1 from

Lβ,λ = log |K| − trS K − λ
∑
i< j

|Ki j|

where S is sample covariance

properties of glasso

◦ screening property S 0 ⊆ Ŝ
◦ more restrictive than MB approach
◦ more accurate that MB apraoch (slightly)

[Friedman et al., 2008]
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dependent measures of effect

correct rejections/true edges (true positive rate)

recall :=
|Ê ∩ E0|

|E0|

correct rejections/rejections (positive predictive value)

precision :=
|Ê ∩ E0|

|Ê|
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ER graph

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16
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true graph
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MB lasso

precision recall rejection rate density

0.26 0.98 0.077 0.010

◦ often with lasso S 0 ⊆ S (β̂L) when penalty is ’small’
[see Bühlmann & van de Geer, 2011]
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points of view

◦ prediction squared prediction loss (est − truth)2

E[(β̂ − β0)TXT
newXnew(β̂ − β0) | X]

◦ variable screening estimated variables in
Ŝ = { j : β̂ j , 0} wrt true S 0 = { j : β0 j , 0}

P[S 0 ⊆ Ŝ ]→ 1

allow for false positives, no false negatives

◦ variable selection

P[S 0 = Ŝ ]→ 1
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allow for false positives, no false negatives
◦ variable selection

P[S 0 = Ŝ ]→ 1
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assumptions lasso

assumptions for variable selection

(a) sparsity number s0 = |{ j : β0 j , 0}| cannot be large

|{ j : β0 j , 0}| ≤
√

n
log(p)

(b) consistency tuning λ, no collinearity in true set of
variables S 0

(c) beta-min the signal (edge weights) cannot be too
small

min
j∈E
|β0 j| > c
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today

Gaussian graphical models

1 stepwise procedures
problem

2 regularization
lasso variants

3 desparsified lasso
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desparsified lasso

the lasso estimate β̂L is obtained by minimizing

Lβ,λ = (Y − Xβ)T(Y − Xβ) + λ
∑

i

|βi|

Properties lasso estimate β̂L

E(β̂L) = β0 − bias

bias = Θ̂XT(Y − Xβ̂L)/n
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Gaussian graphical models
1

2

3

4β13

1

2

3

4β31

desparsified (debiased) lasso

β̂dL = β̂L︸︷︷︸
normal lasso

+ Θ̂XT(Y − Xβ̂L)/n︸               ︷︷               ︸
debias part

[van der Geer et al., 2013, Javanmard & Montanari, 2013]
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desparsified lasso
Θ̂ is a ’relaxed’ inverse of XTX/n, such that

β̂dL = β̂L︸︷︷︸
normal lasso

+ Θ̂XT(Y − Xβ̂L)/n︸               ︷︷               ︸
debias part

−∆

∆ =
√

n(Θ̂(XTX/n) − I)(β̂L − β) (small)

desparsified lasso

◦ is asymptotically unbiased
◦ has standard, computable variance
◦ is amenable to standard analysis

[van de Geer et al., 2013, Javanmard & Montanari, 2013]
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nodewise desparsified lasso
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simulations
◦ generate data from different networks ER or BA

◦ estimate using desparsified lasso with MB or GL
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dependent measures of effect

correct rejections/true edges (true positive rate)

recall :=
|Ê ∩ E0|

|E0|

correct rejections/rejections (positive predictive value)

precision :=
|Ê ∩ E0|

|Ê|

probability of CI containing true parameter γ0i j

coverage :=
1

|V |(|V | − 1)

∑
i, j∈V

P[β0i j ∈ CIi j]
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ER graph
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desparsified lasso

precision recall rejection rate density

0.99 1.00 0.011 0.010

◦ sparsity =
√

n/ log p(p − 1) = 25 and
◦ density = 0.01p(p − 1)/2 = 20
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conclusions variable selection CI
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